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O , Abstract 

Wave mechanics of a particle in 1-D box (size = d) is critically analyzed to reveal 
^ I its untouched aspects. When the particle rests in its ground state, its zero-point 

• force (Fo) produces non-zero strain by modifying the box size from dtod' = d + Ad 

T-H , in all practical situations where the force {Fa) restoring d is not infinitely strong. 

^ I Assuming that Fa originates from a potential oc {x being a small change in 

^ ■ d), we find that: (i) the particle and strained box assume a mutually bound state 

0^ ■ (under the equilibrium between Fo and -Fa) with binding energy AE = —e'^Ad/d' 

I (with e'g = h'^/Smd''^ being the ground state energy of the particle in the strained 

\^ ' box), (ii) the box size oscillates around d' when the said equilibrium is disturbed, 

■ (iii) an exchange of energy between the particle and the strained box occurs dur- 

ing such oscillations, and (iv) the particle, having collisional motion in its excited 
states, assumes collisionless motion in its ground state. These aspects have de- 
sired experimental support and proven relevance for understanding the physics of 
widely different systems such as quantum dots, quantum wires, trapped single par- 
Ch I ticle/ion, clusters of particles, superconductors, superfluids, etc. It is emphasized 

^ ' that the physics of such a system in its low energy states can be truly revealed if 

Q^. the theory incorporates Fq and related aspects. 

^> ' 
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1. Introduction 

Wave mechanics emerged as a general theory of all natural phenomena about eight 
decades back. While it is believed to have been successful in explaining the observed 
behavior of widely different systems under widely different physical conditions, its several 
basic aspects and their interpretations still form a subject of debate [1-4]. This reveals that 
answer to several philosophical questions related to the basic principles of wave mechanics 
are unclear and the intricacies of wave particle duality need detailed discussion for their 
better understanding. In this context one may consider even the wave mechanics of a 
particle of mass m in a 1-D box of size d {the simplest possible quantum system used to 
introduce the subject at its elementary level [5]) which reveals the following. 

1.1 Energy eigenfunction of n-th quantum state 

*n = J ^ sin {q^x) (1) 
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with = n7r/(i, n = 1,2,3, energy eigenvalue. 



with h — Plank constant, and position expectation of the particle 



< X > = < *n|2;|*n >= ^ (3) 



1.2 representing a kind of stationary matter wave, modulates the configuration (x) 
and the phase (0n = Qnx) positions of the particle. It has n anti-nodal regions of size 
An/2 = d/n and n-1 nodes {excluding two nodes at the two walls of the box) and spreads 
over the entire size (d) of the box. It is an eigenfunction of operator (—9^) not of q 
{—idx) which means that an experiment on the particle can determine only the magnitude 
(not the direction) of q. The fact, that is a result of the superposition of two plane 
waves, u' — exp (iq^x) and u" = exp {—iq^x) of momenta q^ and —q^, implies that there 
can be no means that may fix +/— direction for gn in such a state of the particle. 

1.3 The particle in its n-th quantum state exerts a real force [6] 

n^/i^ 

on the walls of the box that tends to increase d. 



While these results seem to provide full understanding of the wave mechanics of the 
system, however, motivated by our recent analysis of the wave mechanics of two hard 
core (HC) particles in 1-D box [7] we analyzed the wave mechanics of the titled system 
further and discovered its untouched aspects, particularly, related to the role of quan- 
tum size, zero-point energy, zero-point force, etc. Interestingly, these aspects are found 
to have desired experimental foundations and proven relevance for understanding of the 
true behavior of widely different physical systems such as quantum dots, quantum wires, 
trapped ions [8, 9], metallic clusters [10, 11] and even complex systems such as supercon- 
ductors and supcrfluids [12, 13]. In this context we may, particularly, refer to our recent 
papers related to the microscopic theory of superconductivity [14] and the unification 
of the physics of widely different systems interacting bosons and fermions including low 
dimensional systems such as N HC quantum particles in 1-D box [15]. As such this study 
would benefit the learners of wave mechanics and many body physics. 

2. Untouched Aspects 

1.1 Strain in the box: 



We note that /„ (Eqn. 4) can also be obtained from 



/n = = 4^ (5) 
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with 2fiqn = change in momentum of the particle during its colhsion with a wall of the box 
and {hqn/m)/{2d) = frequency of coUision. This indicates that: (i) the particle between 
the walls, moving with group velocity Vg — dEn/dpn — {hqn/m), periodically collides 
with each wall at a frequency {hq-a/m)/{2d), and (ii) /n has an apparent identity with 
the force that a gas particle (as a classical entity) exerts on a wall of its container and 
contributes to the gas pressure which tends to inflate the size of the container. Evidently, 
this is an interesting aspect of the particle dynamics in a 1-D box. In variance with 
what one learns from classical mechanics, wave mechanics concludes to depend on d 
and El (lowest possible allowed energy) to have non-zero value which have an interesting 
impact on the behavior of our system which can be demonstrated by a thought experiment 
where the system is kept in contact with a thermal bath whose temperature (T) is slowly 
reduced to zero. Since the probability for the particle to occupy n-th quantum state 
goes proportionally with exp[—(E^ — Ei)/kBT] — exp [— (n^ — l)£o/fcB7'] (with Ei — 
h'^/Smd'^ = So), it is evident that such probability even for the first excited state (n=2) 
would be an order of magnitude smaller than that for the ground state (n=l) when bath 
T is a; To (the temperature equivalent of £„). Evidently, to a good approximation, the 
particle at all T < Tq, stays in its ground state. Here we note that: (i) the particle in n > 1 
state can have lower energy, not only by inflating d, but also by following an alternative 
path (where increase in d is not necessary) of jumping to a lower energy state and (ii) /n>i 
decreases in its strength when the particle moves to lower energy state with decreasing 
T. Evidently, the inflation in d (if any) produced by /n would decrease with decreasing 
T and the box would exhibit +ve thermal expansion coefficient {l/d)dTd. However, the 
situation changes when the particle rests in its ground state (n = 1) because it can have 
lower energy only if d gets increased. Naturally /i(= h'^/Amd^), which can be called as 
zero-point force (hereafter denoted by Fg), can produce non-zero strain {+Ad change in 
d) with T decreasing below T a when it reaches in equilibrium with forces (Fa) that 
restore d. It is evident that Fo and +Ad would remain unchanged at all T < To and 
the system would have —ve {l/d)dTd around Tg. The observation of —ve {l/d)dTd of the 
system at T around To should obviously prove the presence of non-zero strain in the box 
and the fall of the particle in its ground state. 

2.2 Bound state of Particle and strained box 

We note that Eqns. 1-3 assume that the force Fa, which controls the box size, is 
infinitely strong for which d remains unchanged in spite of the infiating action of /n. 
However, since F^ is not infinitely strong in all practical situations, d is expected to 
change (say, by Ad) in the state of equilibrium between F^ and /n. Assuming that F^ can 
be derived from V{x) = {k/2)x'^ potential, the total energy of the system (particle in its 
ground state -|- strained box) can be expressed as 

E = + -kx^ 6 

8m(d + x)2 2 ^ ' 

with x being an increase in d. Solving Eqn. 6 for equilibrium where x — Ad, we have 

(9E h?' 

^U=Ad = -^^^ + A;Ad = with d'^d + M (7) 
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which renders 

Evidently, a change in E with a change in x from x — to x — Ad (i.e., AE = E\x=Ad ~ 
E|^=o) can be obtained from 

where we use Eqns. 6 and 8. Since AE represents the net change in energy of the particle 
and the strained box as a single unit, its —ve vahic signifies that the two assume a kind 
of single bound state and they remain in this state unless AE energy is supplied from 
outside. We also note that: (i) strain (Ad) as well as strain energy {kA(f/2) of the box 
are the functions of the ground state energy {e'^ = h'^/Smd''^) or momentum {h/2d') of 
the particle. In principle, one may observe similar binding ( AEn = — n^£n Adn/ d') for any 
state, however, a real bound state can be observed only for the particle in ^1 state, 
because the particle in a \l/n>i state is free to jump to any lower state by releasing out 
the difference in their energies which is always +ve, while the particle in the ground state 
(\l'i) does not have this option. It is for reason that we wrote Eqn. 6 for the particle in 
its ground state only. 

2.3 Energy exchange between particle and strained box 

We note that the total energy of the particle in ^1 state in its equilibrium with strained 
box is 

El = + -kAd"" (10) 

However, the equilibrium is disturbed if d' is changed to d' ± 77 (with I77I < Ad) and the 
energy of the disturbed system would be 

which can be rearranged as 

E[ ^ £'„ + IF (^ - kAd)r, + h'r,' (12) 
with eg = ^kAd"^ being the strain energy of the box and modified force constant 

k' = k+'^ (13) 

Since the first two terms on the right hand side of Eqn. 12 are constant and (2£^/ d'—kAd)rj 
vanishes for the equilibrium condition (Eqn. 8), it can be argued that, with the particle 
occupying its ground state energy, the box size oscillations are controlled by an increased 
force constant k' (Eqn. 13). In addition {2e'^/d' — kAd)ri = implies that zero point 
energy of the particle increases (or decreases) by {2e'grj/d') when strain energy decreases ( 
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or increases) by equal amount, {kAd)r]) indicating that the particle and the strained box 
keeps exchanging energy with each other during rj oscillations. 

2.4 Self superposition, effective size and nature of motion: 

Since is the superposition of two plain waves {viz., exp {iqx) and its reflection 
exp {—iqx) representing one and the same particle), the particle in the box assumes a kind 
of self superposition state. Identifying these waves to represent two separate particles, one 
may find that \E'n can identically define the state of mutual superposition of two particles 
moving with and — momenta. In fact as shown in [7, 14, 15], there is no means 
to ascertain whether the wave superposition of two particles represented by a function 
like deflnes their mutual superposition or the self superposition assumed separately 
by each of them. 

We note that the spread {d) of \I'n is an integer multiple of An/2 and An/2 equals d 
only for the ground state ^n=i- One may call An/2 as the unit spread of ^^n or identify 
it as the quantum size (or the uncertainty size) of a particle of momentum q^. It is well 
known that no particle can be accommodated in a box if its A/2 > which means that 
no object can share the A/2 space occupied by a particle, particularly, if the particle and 
chosen object interact through HC repulsion. Evidently, A/ 2 represents the effective size 
of a quantum particle in a sense that any effort to reduce this size needs energy which 
implies that the particle repels the object(s) trying to share the A/2 space occupied it. 
Naturally, A/2 could also be identified as the range of such repulsion. 

In the light of what follows from Section 2.1 and the fact that quantum size of a 
particle in its ground state fits exactly with the size of the box, it can be concluded that 
the particle has collisionless motion in its ground state (\E'n=i) and collisional motion in 
its excited states, ^n>i- This agrees with similar inferences of [7, 14, 15] which imply that 
collisionless motion, effective size (=A/2) and self superposition state are the common 
features of a particle in the low energy states of widely different many body systems 
where each atom could be identified with a particle trapped in a box. 

3. Relevance and Experimental Support 

We note that the present study can help in understanding some interesting aspects of 
quantum particles subjected to certain physical situations. For example an electron free 
to move within the space of an atomic vacancy in a 1-D crystal. We presume that: (i) 
the trapped electron is unable to cross the atoms on its two sides and (ii) the potential 
responsible for the forces restoring the positions of these atoms varies as (with x — 
displacement of an atom from its position decided by the inter-atomic interactions in the 
said crystal). While the former presumption implies that the electron is trapped between 
two infinite potential walls, the latter means that the forces restoring the size of the 
trapping vacancy are identical to F^. Since this represents a case identical to the system 
of present study, we use its inferences to find that the said electron uses its Fo to displace 
the neighboring atoms to produce local strain in the crystal which leads to a binding of 
the electron with crystalline lattice (with binding energy AE, Eqn. 9) and facilitates an 
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exchange of energy with lattice oscillations {i.e., phonons), particularly, when T of the 
crystal is low enough to keep the electron in its ground state. 

Similarly, for two electrons occupying their ground state in two separate atomic vacan- 
cies, one may find that their Fo should produce local strain in the crystal leading to their 
binding with the lattice under the thermal conditions which keep them in their ground 
state. Both these electrons can, obviously, be visualized to have an indirect mutual bind- 
ing (detailed mathematical analysis given in [16]) which helps them to have a correlated 
zero-point motion with an energy exchange through phonons. Naturally, if there are many 
such electrons in the crystal, this binding can be envisaged for each of their pair. 

As shown in [6] , we note that forces identical to /„ (Eqn. 4) operate also in case of a 
particle trapped in a 3-D box (a cavity in a crystal). Evidently, the inferences of this study 
(Section 2.0) are relevant to the physics of real systems like quantum dot, quantum wire, 
trapped single particle/ion [8,9], etc. and in this context, the experimentally observed 
—ve value of volume expansion coefficient, {l/V)dTV (an analogue of —ve {l/d)dTd), 
for liquids ^He and ^He [17], respectively, around ^ 2.2K and ^ 0.6K (not significantly 
different from ~ 1.4K estimated for these liquids), provides strong experimental sup- 
port. This experimental fact also implies that the ground state of each atom in systems 
like these liquids should be identical to the ground state of a particle trapped in a 3-D 
box {i.e. a cavity of neighboring particles) and Fg of each particle should, undoubtedly, 
have an important role in deciding the low T behavior of such systems. Interestingly, 
our recent papers, related to microscopic theory of superconductivity [14] and unification 
of the quantum behavior of widely different systems of interacting fermions and bosons 
[15], clearly prove that: (i) theories giving due importance to Fo are mathematically sim- 
ple, (ii) they explain several unexplained experimental facts such as, high of ceramic 
superconductors, superfluid T^. of liquid ^He, logarithmic singularity of specific heat of 
liquid ^He at T^, etc., and (iii) their results agree closely with experiments. Evidently, 
our inferences have enough experimental support and proven relevance to the microscopic 
understanding of widely different many body systems. 

4. Concluding RemEirks 

We find that : (i) a particle confined to a box assumes a state (^n) which resembles 
with that of two particles in a state of equal and opposite momenta {i.e., q and —q), (ii) 
a zero-point force {Fo) operates when the particle occupies ground state and produces 
non-zero strain {viz., an expansion in d by Ad) since the forces restoring d, in all real 
situations, are not infinitely strong, (iii) the particle in its ground state has a kind of 
binding with strained box, (iv) the experimental observation of —ve {l/d)dTd around 
T = To should be an evidence for the occurence of this strain and the fall of particle into 
its ground state, and (v) the particle motion changes from coUisional to coUisionless when 
it moves from its excited state (^l'n>i) to ground state (^i). Since these results are as 
natural consequences of wave particle duality as Eqns. 1-4, the experimentally observed 
—ve {l/V)dTV for liquids ^He and "^He (respectively, around 2.2 and 0.6 K) unquestion- 
ably support the above mentioned inferences and this implies that: (i) mechanical strain 
resulting from Fo, (ii) —ve expansion coefficient around To and (iii) loss of relative motion 
leading to coUisionless motion of quantum particles {as concluded in [7] with more detailed 
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discussion) should be common aspects of the low energy states {close to ground state) of 
widely different many body systems. It may, therefore, be emphasized that a microscopic 
theory of a many body system, like electron fluid, liquids ^ife and ^He, etc., can not truly 
explain their low T behavior unless it incorporates the role of (a basic consequence of 
the wave particle duality) and related aspects. As a proof of this point one may find 
recent studies related to the basic foundations of microscopic theory of superconductivity 
[14] and unification of the physics of widely different systems of interacting bosons and 
fermions such as liquids ^ife and ^He [15]. 

This study should be useful for the learners of wave- mechanics because it reveals some 
of the basic aspects of a particle in a box {e.g., the consequences of Fo) for the first time 
and to this effect it deserves to be a part of the elementary texts on wave mechanics. It 
should also be interesting to those who desire to contribute towards a true and complete 
understanding of the low energy states of widely different many body systems and the 
exotic phenomena of superfiuidity and superconductivity. 
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